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Abstract -For a class of random Stidinger operators in LZ(Rd) 
H(w) = -A + C Pj(w) f(z -j) 
jEZd 
where ql are continuous independent identically distributed bounded random variables and f has 
a power decay and defined sign, in any energy interval the singular continuous spectrum is either 
empty or with positive Lebesgue measure. As a consequence, the proof of localization for a class of 
random but deterministic omxbmensionai operators is shifted to showing that ihe sin&u continuous 
spectrum has null Lebesgue measure. 
Spectral properties of random Schrodinger operators H(w) = -A + V,(z), w E R for some 
probability space (a, F, P), have been extensively studied in recent years. In particular, under 
appropriate “ergodicity” assumptions, the spectrum a(H(w)) and its components are non-random 
sets [l-3], 
flac(H(W)) = Cac9 bp(H(W)) = Cp, cdc(H(W)) = Gc9 (1) 
i.e., they are almost everywhere constant sets with respect to the measure P. 
In this paper, we give a method to exclude, almost surely, the occurence of singular continuous 
spectrum in low energy intervals for the Kirsch-Martinelli models 
H(W) = -A + C qj(w) f(z -_i). 
jEZd 
To this end, we follow the spirit of Howland’s theory on relatively finite perturbations [4]. 
More precisely, let us briefly recall the basic Howland’s criterion for the absence of singular 
continuous spectrum. In this method, a new multiplication operator is considered, 
(Hu)(w) := H(w) u(w), (3) 
in the larger space L2(R; 31) of L2 functions on R with values in 7-f. The criterion (Theorem 2.6 
in [4]) states that if H is absolutely continuous in some real interval J, and if there exists a fixed 
Bore1 set S with measure zero satisfying 
S supports the singular continuous part of H(w) in J, P - a.s., (4) 
then 
u,,(H(w))nJ =0 P-a.s. (5) 
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Our basic result is the following theorem. 
THEOREM 1. Let the measurable function f satisfy 
-c(l + 121)-d-C < f(z) < 0 or 0 < f(z) c c(l + Itl)-d-z 
for some c, c > 0, Vz E Rd, and let {qj}jEZd be absolutely continuous and bounded i.i.d. random 
variables. 
For any interval J C R, the random operator (2) satisfies P-a.s. either 
ILnJI>O (74 
or 
c,, n J = 0.’ (7b) 
PROOF. By the above quoted general results on random Schrijdinger operators, the singular 
continuous spectrum of H(w) is a non-random set: 
u&H(w)) = C,,, P - a.s. (8) 
If (7a) does not hold, Howland’s criterion can be applied by choosing 
S=C,,nJ (9) 
in (4), provided that the multiplication operator H in L2(C&‘H) is absolutely continuous. 
Now, absolute continuity of H follows from the Putnam-Kato theorem (see e.g., [5]) if there 
exists a bounded and self-adjoint operator D such that i[H, D] 1 0 and Range(i[H, D] is cyclic 
for H. 
Here, both requirements will be satisfied provided i[H, D] > 0, since a strictly positive operator 
has dense range. 
Let us rewrite (2) as 
H(W) = -A + C tanh(Xj(w)) f(~ - i) 
jEZd 
(10) 
where the choice qj(w) = tanh(Xj(w)) is not essentially a restriction on the independent identi- 
cally distributed random variables {qj}j since q. is supposed bounded. 
For sake of simplicity, let us assume that X, has a continuous density w(t) > 0, Vt > 0. Such 
assumption can be removed as explained in Theorem 8.5 of [4]. 
Now a suitable model for the process {Xj}jczd is given by the space Q of real sequences with 
product measure 
P = njEZd /J 
where p (dt) = w(t) dt. Thus, each random variable is the coordinate in L2(R, w(t) dt): 
Xj(W) = Wj. 
This way we have the space L2(fi;3t) in which H acts as in (3). 
In order to apply the Putnam-Kato theorem, let us choose the operator 
D= c VjDjl Dj = W(Wj)” arctan 3 ( ‘1 
W(Wj) -4 , 
jEZd 
(11) 
where 
Pj = -$I 'lj < 09 C ‘lj = -1 iff<O,qj>O, Cqj=l, iff>O. (12) 
jEZd jEZd 
Here, each Dj is 
commutator yields: 
r 
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a bounded operator in L2(R;X) and the series is norm convergent. The 
1 
i[H, D] = i I @ (-A) + C tanh(wk) @ J(z - k), C qj Dj @ 1 
kEZ* jEZ* I 
= i c tanh(wk) 8 f(z - k), c qjDj @ ’ 
kEZd jEZ* 1 (13) 
tanh(wk) @ f(z - k), W(Wj)’ arctaIl , w(LJj)-’ @ 1 1 
jEZ* 
where 
Cj = i [tanh wj, w(wj)” arctan (5> ,(uj)-’ ] (14 
acts on the wj variable, while f(z - j) on the Hilbert space E. 
Now by (12), either vj < O,Vj, and f < 0, or they are both positive. Hence the Kato-Putnam 
theorem can be applied, provided the commutator (14) is strictly positive Vj. This, in turn, is 
true by an explicit calculation due to Howland: 
i d ( >I -- - > 0, 2 dr 
which also implies (if the multiplication operator by ~(7) is denoted by W) 
i W-3 tanh(T) W*, W-3 arctan ($2) ,+I >o 
(15) 
(16) 
as a commutator in L2(R, w(T)dP) [4, pp. 60, 67-691. Therefore, H is absolutely continuous. 
Thus, under condition (7a), H(w) h as no singular continuous spectrum in J with probability 
one. I 
An application of the above theorem is one step towards localization for a class of deterministic 
one-dimensional Kirsch-Martinelli models. More precisely, let us consider the potentials which 
are known as deterministic in the following sense [6]: the process VW(z), with x E R, w E R for 
some probability space (L?, T, P), is deterministic if VW(O) is a measurable function of {V, (<)}.tt~ ,
for any L E R. In such a sense, the Kirsch-Martinelli model 
H(w) = P2 + vW(x) = -$ + C qj(W) f(X - j) 
jCZ 
(17) 
is non-deterministic if f has compact support, and it is deterministic if, for example, f is analytic 
(provided f has a sufficiently fast decay at infinity). While localization is proved for large classes 
of non-deterministic potentials in one and more dimensions [3], the situation is different in the 
case of deterministic random potentials. In this case, the basic result is the absence of absolutely 
continuous spectrum, which we quote for what concerns the Kirsch-Martinelli model: 
THEOREM 2. ([6], Theorem 4.4) Let f be such that 
If( I C(1+ IZI)-? Vx E R, (18) 
and let the Fourier transform off be almost everywhere non-vanishing. Let {qn}nE~ be inde- 
pendent and identically distributed random variables such that 
0 is a non-isolated point in supp PqO. (19) 
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Then the operator (17) satisfies 
use (P” + VW) = 0, P - a.s. (20) 
From the above theorems we get the following result. 
COROLLARY 3. Let f(z) satisfy (6) with d = 1 and let 
I{k : j(k) = O}l= 0, (21) 
where ISI denotes the Lebesgue measure of S and f the Fourier transform off. Let {qj}jcz be 
i.i.d. absolutely continuous and bounded random variables satisfying 
0 E supp Pqo. (22) 
For any interval (a, a) c R, if 
I&, r-l (a, b)l = 0, 
then the spectrum of (17) in (a, b) is pure point. 
(23) 
PROOF. The absence of singular continuous spectrum under hypothesis (23) is proved by Theo- 
rem 1 on the basis of (6), since qO is bounded and absolutely continuous. 
The absence of absolutely continuous spectrum is ensured by Theorem 2 because of the condi- 
tions (6), (21), (22) (notice that (22) replaces (19) since random variables are supposed continuous 
in our context). Thus, pure point spectrum for H(w) is proved. I 
REMARK 1. The hypothesis (23) of the above statement can be weakened by assuming that the 
singular continuous part of H( w ) is a.s. supported in a set N independent of w with null Lebesgue 
measure. Indeed, the proof of Theorem 1 still works by choosing S = N n .7 in (9). 
REMARK 2. Corollary 3 is, in some sense, a criterion by which localization comes down to a 
proof of null Lebesgue measure for the singular continuous spectrum. While effective proofs of 
localization regard (17) in the case of f’s with compact support [7], or are announced for low 
energies and high disorder [8], this partial result applies to analytic and many other deterministic 
potentials (which are in fact generic, as proved in [S]) and independently of the energy interval 
and of the disorder degree. 
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